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Abstract—This paper considers the problem of lo-
calization of multiple land mines using information
collected by a network of wireless sensors deployed in
the area of interest. These sensors detect the concen-
tration of explosive vapours, emanating from buried
land mines, in the air and have a wireless transmission
system for exchanging information with a treatment
or fusion centre. One of the key contribution of this
paper is to locate and estimate the emission rate of
multiple land mines. Using a model for the transport
of the explosive chemicals in the air, we formulate the
inverse problem consisting in determining sequentially
the positions and emission rates of the land mines
knowing concentration measurements provided by the
sensors. To solve the inverse problem, we present a
first solution based on a Least Squares optimization
approach and a second solution based on probabilistic
Bayesian techniques using a Markov Chain Monte Carlo
sampling scheme. These two approaches are tested and
compared on simulated data.

I. Introduction

With the advances in sensing technologies [1], sen-
sor networks are being increasingly used in industrial,
scientific and even domestic applications. A network of
small sized low-cost and self-powered wireless sensors offers
an attractive solution to the problem of monitoring and
possibly controlling the variation of a physical quantity,
e.g. temperature or pressure, especially if the area to be
monitored is hostile or vast. Sensors are usually deployed
in the region of interest to collect information about their
environment and communicate the data to a processing or
a fusion centre. In recent years, the use of wireless sensor
networks (WSNs) is becoming popular in source identifica-
tion applications. In fact, risk management applications in
the fields of environment [2], [3], [4] and security [5], [6] rely
on data collected from a wireless sensor network in order
to characterize a source of dispersion, e.g. in the case of an
accidental or intentional release of a chemical or biological
substance in the air. In [6], an algorithm is derived to
detect CO2 leaks at several potential locations at a carbon
sequestration site. The aim in [4] is to study the emissions

of a number of contaminant sources, located at well known
positions, at a large lead-zinc smelter. In [2], [3], [5], prob-
abilistic Bayesian approaches are used to determine the
unknown position, and possibly other model parameters
such as the emission rate and the diffusion coefficient,
of a single dispersion source using data collected from a
WSN. In [7] a recursive algorithm based on a state space
representation of the system is developed to both estimate
a single diffusion source position and track its intensity
in time using concentration measurements provided by a
sensor network.

The application of interest in this paper is the lo-
calization of multiple land mines using a WSN. Several
methodologies for landmine detection and localization ex-
ist. For instance, these include the use of metal detec-
tion, trained dogs, and other physical detection techniques
based on ground penetrating radar (GPR), X rays, in-
frared thermography, neutron activation (TNA) and nu-
clear quadrupole resonance (NQR). A known problem with
these sensing techniques is that probabilities of false posi-
tives are high [1]. In this paper, with a goal to reduce the
false positives, land mines localization problem is solved by
using a network of wireless sensors capable of detecting the
concentration of explosive chemicals in the air. The basic
justification is that explosive chemicals, such as Trinitro-
Toluene (TNT) or Dinitro-Toluene (DNT), leak out from
buried land mines into their surrounding environment.
Once released, these chemicals are transported in the air by
phenomena such as advection and diffusion. By modelling
the distribution of the concentration of the explosive ma-
terial in function of mines locations and solving the inverse
problem, we manage to locate and find the emission rates
of several land mines. The idea of using a sensor network
for landmine localization was addressed in [8], [9], but both
considered the case of a single landmine. In [8], the problem
of localization of a single landmine was solved using an
analytical solution of the inverse problem, not taking into
account a model or measurement noise. In [9], a maximum
likelihood estimation algorithm is derived in order to
locate a single landmine and find its emission rate. The



performance of the estimator is evaluated by computing
the Cramer Rao bound. One of the key contribution of this
paper is to locate and estimate the emission rate of multiple
land mines. Furthermore, two approaches are proposed.
First, the land mines localization problem is formulated as
an optimization problem and a least squares approach is
used to provide an optimal solution. Secondly, the problem
is modelled through a probabilistic Bayesian approach and
a Markov Chain Monte Carlo (MCMC) algorithm, namely
that of slice sampling, is used to sample from the posterior
density of interest. The advantages and limitations of both,
optimization and probabilistic approaches, are discussed.
In a few words, the main advantage of using a probabilis-
tic approach is that the solution provided takes on the
form of a probability distribution, so the uncertainty on
the estimated position can be quantified [3] rather than
approximated, e.g. by computing the Cramer Rao bound
as in [9].

The rest of the paper is organized in the following
manner. In section 2, we describe the model used for the
transport of the explosive chemical in the air and thus for-
mulate the direct or forward problem. We then define the
inverse problem consisting in locating the land mines given
concentration measurements from randomly deployed sen-
sors. Section 3 presents an optimization method for solving
the inverse problem. Section 4 explains how an MCMC
algorithm can be used to sample from the posterior density
of interest. Section 5 recapitulates some simulation results
while section 6 concludes the paper.

II. Forward problem and inverse problem for
location and emission rates of land mines

The Inverse problems can be defined as the process
of inferring causes knowing the effects, as opposed to the
forward or direct problem allowing to determine the effects
knowing the causes. An example of an inverse problem,
which will be of main concern in this paper, is the one of
parameter identification [10]. The corresponding forward
problem consists of determining the output of a system
knowing the system’s parameters. A practical difficulty
in the study of an inverse problem is that it is often ill-
posed [3], meaning that an inverse transformation of the
direct model does not exist, is not unique or is unsta-
ble. Amongst the most general and popular techniques
are least squares approach and regularization of ill-posed
problems. The key is to reformulate the inverse problem
as an optimization problem usually consisting in minimiz-
ing a functional error between actual measurements and
synthetic ones obtained by resolving the direct problem.
Probabilistic approaches can also be used to address the
problem of parameter identification. A primary advantage
of probabilistic methods is that the solution takes on the
form of a probability distribution rather than a point value
solution, optimal in terms of a given criterion [3].

A. Forward problem

The forward model describes the transport of the ex-
plosive chemical emitted by land mines due to advection-
diffusion processes. It takes as input a vector of parameters

including land mines locations, emission rates, environ-
mental conditions such as diffusivity of the air and wind
velocity, and outputs an estimated concentration of the
explosive chemical at a certain location. Numerical solu-
tions for modelling the transport of TNT emanating from
land mines [11] were proposed. In this paper, we model
a landmine as a point source placed on an impermeable
planar surface, i.e. in a semi-infinite medium, and diffusing
explosive chemical, e.g. TNT, at a constant rate [12].

Consider first the case of a single landmine placed at
rs = (xs, ys, zs) in the plan z = 0, i.e. zs = 0. The source
emits the explosive chemical starting at time t0 with a
constant rate Q [g/sec]. Wind velocity is considered of
a constant modulus V [m/sec] and directed along the x-
axis. The differential equation governing the variation of
the concentration C(t, r) of the explosive substance at time
t ≥ t0 at position r = (x, y, z), z ≥ 0, is given by [13]

∂C

∂t
−K

(
∂2C

∂x2 + ∂2C

∂y2 + ∂2C

∂z2

)
+ V

∂C

∂x

= 2Q.u(t− t0).δ(x− xs).δ(y − ys).δ(z − zs),
(1)

where K [m2/sec] denotes the air diffusion coefficient,
and u(t − t0) the step function vanishing for t < t0 and
equal to unity for t ≥ t0. Under the conditions of constant
V and Q, and after a sufficiently long time, a stationary
concentration profile is established [12], [13]:

Ct→∞(r, d,Q) = Q

2πKdexp
(
−
V.
(
d− (x− xs)

)
2K

)
, (2)

where d = ||rs − r|| is the Euclidean distance between
positions r = (x, y, z) and rs = (xs, ys, 0). For the rest of
the article, sources and sensors are considered to be in the
same plan z = 0. Thus, for the simplicity of the notation,
we omit in the remaining the third coordinate z which will
be implicitly considered equal to zero.

Consider now N sources, i.e. land mines, denoted by
Si, i = 1, . . . , N . The ith source is at position rsi

=
(xsi

, ysi
) and has a constant emission rate Qi. The resul-

tant concentration at position r = (x, y) is given by [4]

Cr (r, {rsi , Qi}) =
N∑

i=1
Ct→∞(r, dr↔rsi

, Qi). (3)

Figure 1 shows a scenario with N = 3 sources and
M = 30 sensors which are randomly deployed in a 20 ×
20 m2 planar region. The figure shows the concentration
profile of the emitted chemical determined using model (3).
Emission rates are fixed to Q1 = 5 µg/sec, Q2 = 6 µg/sec
and Q3 = 7 µg/sec and other model parameters are as
indicated in section 5.

B. Inverse problem
Usually, distribution maps of the buried land mines

exist for the purpose of mine clearance. Although these
maps fail to precisely locate the land mines due, for in-
stance, to topographical changes with time, they are useful
in determining the number of mines buried in a certain
mines field. Thus, throughout the paper, we consider the



Figure 1. Forward problem.

number of land mines to be known a priori. The sensors
positions are also assumed known, these can be determined
using existing localization algorithms.

Let us denote by P the vector of unknown model
parameters, i.e., the elements of P are sources positions
and emission rates. In the case of N land mines,

P = [{xsi
, ysi

, Qi}N
i=1]T .

M sensors are placed at positions rj = (xj , yj), j =
1, . . . ,M . The concentration measurements provided by
the sensor network are grouped in an array denoted by
Ymeas = [Cmeas

1 , . . . , Cmeas
M ]T . The inverse problem con-

sists in determining P knowing Ymeas.

Let Yreal = [Creal
1 , . . . , Creal

M ]T denote the vector
of true concentrations at positions rj , and Emeas =
[emeas

1 , . . . , emeas
M ]T a vector of measurements error, thus,

Cmeas
j = Creal

j + emeas
j , j = 1, . . . ,M. (4)

Furthermore, if Ymodel = [Cmodel
1 , . . . , Cmodel

M ]T refers to
the vector of modelled concentrations at rj , i.e. the concen-
trations obtained by resolving the forward problem accord-
ing to equation (3), and Emodel = [emodel

1 , . . . , emodel
M ]T a

vector of model error, then

Cmodel
j = Creal

j + emodel
j , j = 1, . . . ,M. (5)

In vector notation:

Ymeas = Yreal + Emeas,

Ymodel = Yreal + Emodel.

(6)

Based on (3) and (6), we can define an operator F such
that

Ymeas = F(P,A), (7)

Figure 2. Functional to be minimized in logarithmic scale.

where A is a constant vector grouping information about
the environment, sensors characteristics and model appli-
cability, e.g. wind velocity, air diffusion coefficient and
noises variances. The inverse problem consists thus in
determining P having the vector of concentration measure-
ments Ymeas and any available knowledge, represented by
constant vector A.

III. Least Squares approach
In this section, Least Squares approach is used to

solve the inverse problem. The solution will consist in
minimizing a function, to be determined, of P and Ymeas.
Referring to equation (7) and noting that A is constant,
we can also define an operator G such that

Ymeas = G(P), (8)

and define the inverse parameter identification problem as
finding

P u G−1(Ymeas). (9)

The exact solution for equation (9) is not tractable.
This is primarily due to the existence of model and mea-
surement noises. In other words, the forward model is not
perfectly known. Thus, an optimization problem can be
solved by minimizing over P the functional

J =
(
Y−Ymodel(P)

)T (
Y−Ymodel(P)

)
. (10)

The solution is given by

Popt = argmin
P

J. (11)

Figure 2 illustrates the variation of the criterion J in
terms of source 1 coordinates. The values of J are calcu-
lated as a function of (xs1 , ys1) after fixing the remaining
unknown parameters, i.e. [xs2 , ys2 , xs3 , ys3 , Q1, Q2, Q3]T ,
to their true values. Note that the functional J is not
convex and presents local maxima at the sensors positions.



The figure shows a Least Squares algorithm might fall
into some local minimum and thus diverge from the true
global minimum located, as can be seen, near source
1 true position. In order to overcome this problem, we
choose the start position parameters to be the positions
of the three sensors indicating the greatest concentration
measurements. These sensors are likely to be the closest
to the sources. Although, it is important to note that, as
the sensors are randomly deployed, even the ones with the
greatest concentration measurements might not always be
close enough to the sources so as to find the global mini-
mum. Section 5 will show the results obtained using Least
squares for different start parameters. This observation
is the motivation behind using the probabilistic Bayesian
approach shown in the next section.

IV. Bayesian probabilistic approach
In this section the inverse problem is solved within a

probabilistic Bayesian framework. This refers to finding
the posterior distribution of interest p(P|Ymeas,A). Ac-
cording to Bayes theorem:

p(P|Ymeas,A) = p(Ymeas|P,A)p(P|A)
p(Ymeas|A) , (12)

where p(Ymeas|P,A) is referred to as the likelihood,
p(P|A) denotes the prior distribution and p(Ymeas|A) is
called the evidence.

Since we fixed the number of sources a priori, the
evidence is considered as a normalization factor [3]. Fur-
thermore, let us consider a bounded domain denoted as
Ω for the landmine locations, i.e., the sources lie within
a bounded region [xmin xmax] × [ymin ymax], and the
emission rates are also bounded within lower and upper
bounds, Qi ∈ [Qmin Qmax], i = 1, . . . N . Choosing a non
informative distribution for the prior, i.e. a uniform pdf,
we can write

p(P|Ymeas,A) ∝ 1P∈Ω p(Ymeas|P,A), (13)

where 1P∈Ω denotes the indicator function. Consequently,
the posterior proportional to the likelihood [3]. Addition-
ally, if the measurement and model noises are assumed to
be white and Gaussian, i.e.:

emeas
j ∼ N(0, σ2

meas,j),
emodel

j ∼ N(0, σ2
mod,j), j = 1, . . . ,M.

then, it can be shown [2], [3] that

p(Ymeas|P,A) ∝ exp

−1
2

M∑
j=1

(Cj − Cmodel
j (P))2

σ2
meas,j + σ2

mod,j

 .
(14)

A widely used approach for estimating the properties
of the posterior distribution given in (13) is to perform
Markov Chain Monte Carlo (MCMC) sampling [14]. The
earliest MCMC algorithm is the Random Walk Metropolis
(RWM). Its basic principle is to sample a candidate value,
from a proposal distribution q, depending on the current
position of the chain. The candidate is then accepted or re-
jected according to the Metropolis acceptance probability.

Figure 3. Slice sampling [19].

For instance, consider sampling from a pdf π(.). If xi−1 de-
notes the current state of the Markov chain, a trial state z
is sampled according to z = xi−1+u, where u ∼ N(0,Σ)
and Σ denotes a covariance matrix to be chosen. If the
ratio of π(z) to π(xi−1) meets some acceptance criterion,
the chain moves to xi = z. Otherwise, xi = xi−1. Since
usually π(.) is not known, the procedure only requires the
choice of a proposal function f(.).

While the early RWM algorithm requires the proposal
distribution q to be symmetric, i.e. q(xi−1, z) = q(z,xi−1),
the Metropolis-Hastings (MH) algorithm [15] generalizes
the approach to non symmetric proposals. Obviously, the
choice of the proposal distribution and the acceptance
criterion is crucial to the algorithm convergence. Thus,
several procedures were proposed in order to improve
the algorithm’s convergence. These include for instance
the adaptive Metropolis algorithm [16], Differential Evo-
lution Markov Chain Monte Carlo (DE-MC) [17] and
DREAM [18]. Another class of MCMC sampling tech-
niques is Slice Sampling [19], which will be used in this
paper in order to draw samples from the posterior distri-
bution given in (13).

The slice sampling algorithm relies on the observation
that sampling from a probability distribution, e.g. π(.)
in the case of a univariate distribution, can be done by
drawing samples uniformly from the region under the
plot of π(.) [19]. It has an advantage over other MCMC
methods such as the Gibbs sampler and the RWM in that
the magnitude of the changes made to move from one
element to the next in the chain is chosen adaptively.

Figure 3 illustrates the operations of slice sampling al-
gorithm in the case of a univariate target distribution π(.).
The procedure requires only the knowledge of a function
f(.) that is proportional to π(.). It operates iteratively in



three steps:

(a) Starting from the current position of the chain, de-
noted as x0, and such that f(x0) > 0, draw a value y
uniformly from the interval [0, f(x0)]. The horizontal
slice defined by y consists of the values of x for which
f(x) > y.

(b) Find an interval around x0 comprising the majority, or
the totality, of the slice defined in (a). Several methods
can be used at this step. The approach adopted here
is called “stepping-out”. It requires fixing, a priori, an
interval width W and operating as follows: first, set
an interval of width W randomly around x0. Then
iteratively expand this interval in steps of size W and
stop when both interval ends become outside the slice
{x, f(x) > y}.

(c) Draw a value x1 from the part of the slice that is within
the interval determined in (b). The technique used here
is referred to as “shrinkage” because it picks points
uniformly from the determined interval, shrinks this
last using points that are outside the slice, and stops
whenever finding a point inside it.

(d) Repeat the same process for x1.

Slice sampling can also be used to sample from mul-
tivariate distributions. This can be done by updating
each variable in turn. It is though useful to note that
slice sampling methods which update all variables of a
multivariate distribution simultaneously do exist [19].

V. Simulation results

Both optimization Least Squares and probabilistic
Bayesian approaches were tested on the problem of lo-
calization of N = 3 land mines described in section 3.
M = 30 sensors are randomly deployed in a 20 × 20m2

planar region as shown in Figure 1. Model and measure-
ment noises are considered to be white Gaussian with an
identical standard deviation equal to 0.001µg/m3, that
is 10 % of the least calculated concentration. The mines
are considered to have constant emission rates. We fixed
the wind velocity to V = 5cm/sec and the air diffusion
coefficient to K = 25m2/s as in [9]. Table 1 shows the
true values of the unknown parameters to be determined.

i (xsi
, ysi

) Qi [µg/sec]
1 (13.25, 2.36) 5
2 (6.61, 19.76) 6
3 (17.96, 10.79) 7

Table 1: True parameters.

As stated in section 3, the start position parameters for
the Least Squares algorithm are chosen to be the positions
of the three sensors indicating the greatest concentration
measurements thus likely to be the closest sensors to
the sources. Figure 4 illustrates the optimal land mines
positions resulting in minimizing the functional J given
in (10). Table 2 groups the results obtained using Least
Squares optimization technique. The computational time
is 4.73 sec.

Figure 4. Optimal solution provided by the Least Squares approach.

Figure 5. A representative example of a solution provided by Least
Squares when local optima are found.

i (xsi
, ysi

) Qi [µg/sec]
1 (13.24, 2.85) 5.19
2 (6.64, 20.00) 5.96
3 (17.35, 11.06) 6.46

Table 2: Estimated parameters using Least Squares.

Figure 5 shows the solution provided by the Least
squares technique when the vector of parameters is ran-
domly initialized. Note that this technique is sensitive
to the choice of the initial point. In fact, as the sensors
are randomly deployed, even the ones with the greatest
concentration measurements might not always be close
enough to the sources so as to find the global minimum.
This observation was the motivation behind using the
probabilistic Bayesian approach described in section 4 and
shown next to be more robust and less sensitive to the
initialization process.



Figure 6. Evolution of source 1 parameters.

Figure 7. Samples likelihood.

Slice sampling scheme was used in order to draw
Np = 2000 samples from the posterior distribution as
described in section 4. In Figure 6, the evolution of source
1 parameters, (xs1 , ys1 , Q1), in the Markov chain created
using slice sampling is illustrated. Note that there is a
transition phase, consisting approximately of the first 200
iterations, before the chain converges to the posterior
distribution of interest. This phase is referred to as the
burn in period. Figure 7 shows the log-likelihood of the
samples throughout the iterations.

Figure 8 shows the histograms, corresponding to the
different parameters, plotted using the samples drawn
throughout the iterative procedure of creating the Markov
chain. The empirical normalized distributions of the pa-
rameters are also shown.

Finally, Figure 9 illustrates the true and estimated
positions using MCMC slice sampling to solve the Bayesian
inference problem as defined in section 4. The computa-
tional time for this approach is 6.38 sec. Table 3 shows the
estimated parameters using slice sampling while Table 4
groups the mean squared errors on sources positions and

Figure 8. Samples empirical distributions.



Figure 9. Estimated positions using Bayesian inference and MCMC
sampling.

emission rates for both approaches.

i (xsi
, ysi

) Qi [µg/sec]
1 (13.31, 2.75) 4.5
2 (6.14, 19.66) 6.19
3 (18.44, 10.39) 7.22

Table 3: Estimated parameters using Slice sampling.

approach position error emission error
Least Squares 0.2479 0.1098
Slice sampling 0.2590 0.1115

Table 4: Mean squared errors on positions and emission
rates.

VI. Conclusion
While previous work on landmine localization using

sensor networks solved the problem of locating a single
source, this paper considered the problem of locating
several land mines. Two approaches were used to solve the
problem: an optimization least squares and a probabilis-
tic Bayesian approach. Both methods succeeded to both
locate and estimate the emission rates of multiple land
mines. The main advantage of the last technique is that,
using an efficient sampling scheme, it is not sensitive to the
choice of the initial point of the chain, in contrast to the
optimization technique for which the choice of the start
point for the search algorithm is crucial. The probabilistic
method also allows to quantify the uncertainty on the
estimated positions since a pdf of the unknown parameters
is obtained rather than a single optimal point solution. As
a future work, a model considering a three dimensional
position for the sources and sensors can be used.
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